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Abstract 

We compute the partition function of five-dimensional abelian gauge theory on a five-torus T 5 
with a general flat metric using the Dirac method of quantizing with constraints. We compare 
this with the partition function of a single fivebrane compactified on S 1 times T 5 , which is 
obtained from the six-torus calculation of Dolan and Nappi [arXiv:hep-th/9806016]. The 
radius Ri of the circle S 1 is set to the dimensionful gauge coupling constant g\ YM = R\. 
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1 Introduction 



A quantum equivalence between the six-dimensional N = (2, 0) theory of multiple fivebranes 
compactfied on a circle S 1 and five-dimensional maximally super symmetric Yang Mills has 
been conjectured by Douglas and Lambert et al. in [1, 2]. In this paper we will study an 
abelian version of the conjecture where the common five-manifold is a five-torus T 5 with a 
general flat metric. 

The physical degrees of freedom of a single fivebrane are described by an N = (2, 0) tensor 
supermultiplet which includes a chiral two-form field potential, so even a single fivebrane has 
no fully covariant action. In order to investigate its quantum theory we were thus led in [3] to 
compute the partition function instead, which we carried out on the six-torus T 6 . We will use 
this calculation to investigate the partition function of the self-dual three-form field strength 
restricted to S 1 x T 5 and compare it with the partition function of the five-dimensional 
Maxwell theory on a five-torus quantized via Dirac constraints in radiation gauge. 

Because both the theory and the manifold are so simple, we do not use localization techniques 
fruitful for non-abelian theories and their partition functions on spheres [4]- [9]. 

Our calculation differs from Gustavsson [10] who also considers the conjecture on a torus but 
uses holomorphic factorization and a supersymmetric five-dimensional abelian gauge theory 
whose partition function immediately has zero oscillator trace. See also [11]. 

The five-dimensional Maxwell partition function is defined from the Euclidean action as 

" — r ' e ■'-'zero modes ' "osc> 
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The partition function of the abelian chiral two-form on a space circle times the five-torus is 

Z6d,chiral j. — 2n RaH+i2iT'y l Pi y6d y6d 
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where 9 1 is the direction of the circle S 1 . The time direction 9 e we will use for quantization 
is common to both theories, and the angles between the circle and the five-torus denoted by 
a, f3 z in [3] have been set to zero. 

We will compute an exact equivalence (up to an overall factor) between the zero mode 
contributions, 

"zero modes "zero modes (^?^^?g)2 ' \ / 
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Not surprisingly, we find the oscillator traces differ by the absence in Z^ c of the Kaluza-Klein 
modes generated in Z^ c from compactification on the circle S 1 . Also we find the Maxwell 
trace is independent of 7 1 , the angles of the four space directions with the time axis. 

The Kaluza-Klein modes have been associated with instantons in the five-dimensional non- 
abelian gauge theory in [1, 2, 12, 13], with additional comments given for the abelian limit. 
It would be interesting to find a systematic way to incorporate these modes in a generalized 
five-dimensional partition function along the lines of a character, in order to match the 
partition functions exactly, but we have not done that here. Rather our explicit expressions 
show a similarity between the oscillator traces of the two theories in the limit where the 
compactification radius R\ is small compared to the five-torus T 5 . 

Other approaches to A = (2, 0) theories formulate fields for non-abelian chiral two forms 
[14]- [18] which would be useful if the non-abelian six-dimensional theory has a classical 
description and if the quantum theory can be described in terms of fields. On the other 
hand the partition functions on various manifolds [19]- [24] can demonstrate aspects of the 
six-dimensional finite quantum conformal theory presumed responsible for features of four- 
dimensional gauge theory [25]. 

In section 2, the contribution of the zero modes to the partition function for the chiral theory 
on a circle times a five-torus is computed as a sum over the ten integer eigenvalues, and its 
relation to that of the gauge theory is shown via a Poisson resummation. In section 3, the 
abelian gauge theory is quantized on a five-torus using Dirac constraints, and the Eulidean 
action is computed in terms of the oscillator modes. In section 4, we construct the oscillator 
trace contribution to the partition function for the gauge theory and compare it with that 
of the chiral two form. Section 5 contains discussion and conclusions. Appendix A presents 
details of the Dirac quantization and Appendix B describes a modified Hamiltonian, leading 
to the same commutation relations. Appendix C regularizes the vacuum energy. 



2 Zero Modes 

The N = (2, 0) 6d world volume theory of the fivebrane contains five scalars, two four- 
spinors and a chiral two- form Bmn, which has a self-dual three- form field strength Hlmn = 
d L B M N + d M B NL + d N B LM with 1 < L, M, N < 6, 

Hlmn(0,9 6 ) = - — G ll'G m M'G n N>e L M N RST Hrst{0,9 6 )- (2.1) 
oy — G 

(2.1) gives H LMN 0, 9 Q ) = -^=G LL ,G M NvG NN ,€ L ' M ' N ' RST H RS T(e, 9 6 ) for a Euclidean sig- 

nature metric. In the absence of a covariant Lagrangian, the partition function of the chiral 
field is defined via a trace over the Hamiltonian [3] as is familiar from string calculations. 
We display this expression in (1.2) where the metric has been restricted to describe the line 
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element for S 1 x T 5 , 

ds 2 = R^ide 1 ) 2 + R e 2 (de 6 ) 2 + gij(de i -Ydd 6 )(de j -j j de 6 ) (2.2) 

i,j=2...5 

with < 9 < 2-7T, 1 < / < 6. The parameters R\ and Rq are the radii for directions 1 and 
6, <7j,- is a 4d metric, and 7 J are the angles between between 6 and j. So from (2.2), 

Gij = gij ; Gn = Ri 2 ; Gn=0; G 66 = R 6 2 + s^V; G ie = -girf ; G 16 = 0; (2.3) 

and the inverse metric is 

Qii = gV + tg-; G U = -^; G u = 0; G 66 = G* 6 = ^; G 16 = 0. (2.4) 

We want to keep the time direction # 6 common to both theories, so in the 5d action (1.1) 
the sum is on 2 < m,n < 6; whereas the Hamiltonian in (1.2) is independent of time and 
sums on 1 < m, n < 5. The common space index is labeled 2 < i, j < 5. To this end, for the 
metric Gmn in (2.3) we introduce the 5-dimensional inverse (in directions 1,2,3,4,5) 

Gr," !l' J - Gj x = 0; G 5 U = ±; (2.5) 

and the 5-dimensional inverse (in directions 2,3,4,5,6) for the five-torus T 5 , 

G%=9 ij + ^; Gf = ±; Gf = i. (2.6) 
jtlq n 6 n 6 



The determinants of the metrics are related simply by v G = Rq^/G^ = R\ y G5 = R^Ri^/g , 
and 623456 = G5 e 23456 = G5, with corresponding epsilon tensors related by G, G5, 5. 

To compute modes we neglect the integrations in (1.2) and get 

-2vR G U = —ReRxy/g^ ' g" ' g kk ' H ijk H Vj , w - ^vWV*' - g jk ' g kj ')H ljk H lfk ,, 
i2^P, = - l -lf e M' k 'H ljk H ifk! = l -le^ kk 'H fkkl H Uj , 

(2.7) 

where the zero modes of the four fields H^ k are labeled by the integers 717, . . . ,n\Q. The 
six fields H\jk have zero mode eigenvalues #123 = n\, i/124 = ri2, #125 — ^3, #134 = n.4, 
H135 = 715, .ffi45 = uq, and the trace on the zero mode operators in (1.2) is 
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Comedos = E ™v-\^sf9{ 9 "'g kk ' -g jk 'g kj ')Hx jh H ljlh , 



E e X p--R e R ly /gg i ^g^'^ k H ijk H iffk , - y - 'r' 7 "' 7 "' //, 

,...,rii 

(2.J 



The same sum is obtained from the 5d Maxwell theory (1.1) where the gauge coupling is 
identified with the radius squared of the circle g§YM = R\> as follows. Letting J d9 G = 2n 
and neglecting the d6 l space integrations we find the action gives 



j5d, Maxwell 

= ~^V99"'9 kk 'F jk F jlkl - ^h j '9 kk 'F jk F jlkl - ^.^F a F w - ^L g n'F 6] F 6j , 

Z Jxi riixlg -fli-flg itiitQ 

(2.9) 

Then the Maxwell zero mode trace can be written as 
Z 5d _ y- ir Re^/g u , ir , 

^zero modes _ / , ^Pl ^ ^> " " 'r'Yl 
ni...n.6 1 

• E e W {-^g"'[F 6j +YF ij ][F 6jl + Y' F llf ]} 

n7...nio 1 6 

= £ exp{-|^/V^i^'} E ex P {-7r(n + x)-^-(n + x)} 



2 i?i 

ni...n 6 n 7 ...ni 



(2.10) 



where the integer eigenvalues are n\ = F23, ri2 = F24, 713 = F25, 714 = F34, ns = ^35,7^6 = ^45, 
re 7 = F 62 , n 8 = F 63 ,n 9 = F 64 , ni = F 65 , and 

^' = ^-^' J x i=7 %-. (2.11) 
nine 

Using a generalization of the Poisson summation formula 

e -7r(n+x)-A-(n+a:)) _ (det^) - ! ^ e -7rn-A _1 -n e 27rin-a: ^ 

we obtain from (2.10), 
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ni...n 6 



£ e X p{-7r^^F 6 J F 6 J '}exp{2vr^yF u }, (2.12) 

n 7 ...ni v y 



where the F Q 3 are defined to be the integers Fqj and 



A".! = -^=^y , det = (det A) 



To demonstrate the equivalence between the zero mode sum for 5d Maxwell theory in (2.12) 
and the 6d chiral theory in (2.8), we can identify the integers as 

Hijk = —-£ijkk'F§ k 1 Hijk = Fjk, 
so that the exponents are identified by 



™ feMk' Hx . kH .. iki = 2-//.;.'-'/-;,. (2.13) 



2 

Thus we have proved the relation (1.3) 



7 ba - 7 b<1 ■ v a o -\a\ 

zero modes ^zero modes ^2 

and the explicit expression is given by (2.12) or (2.8). 

3 Dirac Quantization of Maxwell Theory on a Five-torus 

To evaluate the oscillator contribution to the partition function in (1.1), we will first quantize 
the abelian gauge theory on the five-torus with a general metric. The equation of motion is 
d m Fmh = 0. For Frhh = dfhAn — dnArh, a solution is given by a solution to 

d^dnAfn = 0, d™Afn = 0. (3.1) 
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These have a plane wave solution Am(0, 6> 6 ) = fm(k)e tk ' e + (fm(k)e tk ' )* when 

G™ n krhkh = 0, k m fin — 0. (3-2) 
Using the metric (2.6), and solving for k§ from (3.2), 

fe 6 = -j l ki - iR§yJ g^kikj, (3.3) 

where 2 < i,j < 5. Use the gauge invariance — )• = /m + feA to fix f' & = 0, which is 
the gauge choice 

^6 = 0. 

This reduces the number of components of i„ from 5 to 4. To satisfy (3.2), we can use the 
d m F T f l Q = —dQd l Ai = component of the equation of motion to eliminate /s in terms of the 
three f 2 ,h,h, 

leaving just three independent polarization vectors corresponding the physical degrees of 
freedom of the 5d one-form with Spin(3) content 3. 

Since a Lorentzian signature metric is needed for quantum mechanics, we modify the metric 
on the five-torus (2.3), (2.6) to be 

Gl ij = 9ij ; Gim = -R& 2 + 9iji l i j ; Glig = -giji j ; 

Gl = 9 ij -^-; Gf = -±; Gf = -± (3.4) 

K 6 K 6 K 6 

Our procedure will be to compute the Dirac bracket commutation relations, and finally the 
Euclidean action in terms of oscillators with 

h = -1% - Rayjgvhkj, (3.5) 

and then after the quantization rotate back to (3.3). 

So, dropping prefactors for the moment, we write the Euclidean Lagrangian: 

L E = - ^ Gf™' G% h ' FrhnFfh' n> = ~\ (F^F^ + 2F^F &1 ) (3.6) 
= '■/•;,/•;.,< - ^/VV'^V " -^9 W YF lk F 6k , - -L g n'F 6j F 6f , (3.7) 

the Lorentzian Lagrangian: 

L = -^'V /V>,< + ^/VV'Xi^' + jp9 kk 'l l F lk F &k , + -L g n'F 6j F 6j ,, (3.8) 
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and the Lorentzian Hamiltonian: 

H = rid^Ai - GfL = IT GfF 6i + WG^djAi + IT GfdiA 6 - Gf L 

= Gf(-L E ) + Ggi-flPdiAj + IT<M 6 ) (3.9) 

where the conjugate momentum is 

ni = Jrr = ~ F%t = -Gfg ij/ {F w +^F jV ). (3.10) 

We will quantize the Maxwell field on the five-torus with a general flat metric (3.4) in 
radiation gauge, using Dirac constraints [26, 27]. The theory has a primary constraint 
n 6 (0,6> 6 ) = 0, which we call 

1 (6) = n 6 ( y 8,6 6 )^O. (3.11) 
We can express the Hamiltonian (3.9) in terms of the conjugate momentum as 

H = \Gf IT (F 6i + y'Fji) + ^Gfg^'g^FijF^ + Gf IT c^ 6 + IT cU,-, (3.12) 



where we used 



L = -^(2F 6i F 6i + F^Fij), F ij = fi^' - + g u ' g"' F vy . (3.13) 

From (3.10), H becomes 

H = -^fU i + -^g" J* EijFvy + Gf IT cU 6 + 0^-. (3.14) 

We integrate the density H to find 

H can = J d^i-^WW' + ^g^^'F ij F ilf -Gfd i Il i A 6 -G^d i U i A j ), (3.15) 
where the last terms have been integrated by parts. The primary Hamiltonian is defined by 

H p = J d A 9{- ^ffff' + ^f-g U ' g jf FijFej, - Gf d t W A 6 - 8% A 3 + A^ 6 ), 

(3.16) 

with Ai as a Lagrange multiplier. In Appendix A, we use the Dirac method of quantizing 
with constraints for the radiation gauge conditions Aq ~ 0, d 1 Ai ~ 0, and find the equal time 
commutation relations (A. 13), (A. 14): 



S 



[W(9,9%Me',9 6 )] = -ifsf - gg'(q, 1 s 4 (0 - 0'), 

[A(M 6 ),A,(0',0 6 )] = 0, [rf(0,0 6 ),n^0\0 6 )] = 0. (3.17) 

Appendix B modifies the Hamilitonian (3.16) to give the correct equations of motion, and 
shows that this modification does not affect the constraints and leads back to (3.17). Using 
Appendix A we can check explicitly that Dirac brackets with a constraint vanish, for example 

{rP (6>), d i A i (9')}n = {W(9),Gfd k A i (9') - g ikl k Ti:\6') + GfdiA 6 (9')} D 

= & l^\o - e>) - &i^(e -e') = o= [w(9),d i A i (o% (s.is) 



and 



[djlP(8),Ai(9')] = dJdi - 1 dfj) 5\6 - 9') = 0. (3.19) 

v G L a k o k i ' 

In Aq = gauge, the free quantum vector field on the torus is expanded as 
M6,9 6 )= zero modes + £ (/f a^ 9 + ./T^V^), 

where 1<k<3, 2<i<5 and defined in (3.5). The sum is on the dual lattice 
k = ki E Z4 7^ 0. Having computed the zero mode contribution in (2.12), here we consider 

Me, e 6 ) = Y,i a k/ k ' 6 + a l e ~ lk ' 8 )> ( 3 - 2 °) 

with polarizations in = ft a> ^- Prom (3.17) the commutator in terms of the oscillators is 
e- lk ^e- M ^[Me^A 3 0'M = [(«. +a t ), (o . . +a t )] = o. (3.21) 



The conjugate momentum IP(0,0 6 ) in (3.10) is expressed in terms of a ki ,d -.. by 



TV (1 9 6 ) = --^ Y.igH'ReJ&kikj + ^V"**) {a^ 6 - a\ . I e~^ e ). (3.22) 

k 

Then taking the Fourier transform of lP(9,9 e ) at 9® = 0, we have 



(3.23) 
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From (3.23) and the commutators (3.17) and (3.21), we find 



To reach the oscillator commutator (3.30), we define 



i ki — ki — ki Kl K 2 —k % — ki 



(3.24) 



ir.Ear. + a^ =i t ., fir.Ear.-a^ = -£ f r ■ (3.25) 



= o( A ni + E kd> 4, = o (4.- + 4,-) = X A -ii - E -^- ^ 



Now inverting (3.24) we have 

[E *i' A *J = njgkk^ 9 - - %\^ )Si >-*> (3 ' 27) 

and from (3.23) and the relations (3.17) and (3.21), 



(3.28) 

Using (3.26), 

K>4'; ] = \^ A %v A -*} ~ \- E kv E -k'3^ ~ \ A kv E -k>^ + l E ki> A -k>ji)> 

(3.29) 

together with (3.27), (3.28) we find the oscillator commutation relation 

r f i _ Rq 1 /c, 9ij'G L 3 kjikj gj.jiG L J kjikj s 

[a « i,a «i l ~ 4R^W j '{2^ [ 9lj ~ Gf'k k k kl Gf'k k k k ,> % > p 

_ 1 1 (g^Y'kj + g^Y'ki - 2 ^^ )Jg p. (3.30) 

4(2tt) 4 Gf'k k k k , 1 3 3 f'ki'k?' k > k ' V ' 

Inspecting this commutator and noting that multiplication by k % does not annihilate it, we 
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remark in an aside that k' l ar j = does not hold as a 'strong' equation: for example, 



g ik k k [a %i ,A Pj ] = 9 ^[E^A Pj ] = 0, (3.31) 



using qi k kk(qn ~ ^^uur— 2 —) = 0. But if we had k % ar. = 0, then 



T L K k K y 



iku r 4i ifyy/Jrhk' r , i iR%\J g lv hk v 
g k k [a %v A^ 3 ] = 7 ^ Ki'^l = 7 ^2 \ E %v A P,\ 

- t ( a 933'G l ' L 3 ' h'h , _ y g lV hk v ^_ wp r 3 3 2l 

- 2(2^ ^ j " 2(2-) 4 G*%fc* 7 °* J 9 W hkv ] + °' ^ 

from (3.27), contradicting (3.31). Nonetheless the Dirac brackets are still compatible with 
the constraints (such as the 'weak' equation d l Ai(9) ~ 0), in the sense that anywhere the 
constraints appear they can be set to zero because their Dirac bracket with any variable 
vanishes. This discussion explains why it is okay that the commutator in (3.30) is not com- 
patible with the strong transverse condition k % a^ i = 0, k l al . = 0. Notice that in the diagonal 
metric theory the strong transverse condition is consistent with the Dirac commutator; but 
the non-diagonal metric provides an extra term in (3.23) proportional to Ar. leading to this 
effect. 

We use the commutator (3.30) to proceed with the evaluation of the Euclidean action (this 
is reminiscent of computing the Hamiltonian in the standard case). From (3.7), we express 
the Euclidean action 

"2- 



1 f ~ - -/ 

^Euclidean — 77, \I / d0 d6 d9 d9 G™ m FrhhFfh'h' 

( 27r ) Jo 

= I j^yi (jp2g ll 'F 6l F 6i , + ^^{ Fji F w + FwFji) + Gf' Gf' FijFi'j^ (3.33) 



in terms of the normal mode expansion (3.20) 



A(d,e e ) = Y^{a Ui e^ e + aU- lk - e ), F 6t (9,9 6 ) = £ ik 6 { H / k '° - at.e"^), (3.34) 

k^0 k^0 

where now k§ is given in (3.5), and also define 



k 6 = 1 l k i -R 6 Jg i jk i k j . (3.35) 
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For the first and last terms in (3.33) we find 
d 4 6 2 



6 fc^O 



and 



/ 



Z{Lr 5 Org — Lrg Ijg J 

Z-/ \ 3 3 \ ki -kz' ki -ki' ' ^ 3 K ki j~i' ki ki' 

fc^O 



using the delta function 



(3.36) 



e ^-^ = j (3.37) 



(2tt) 4 fc > fc 
Similarly, the second term in the action (3.33) becomes 

X (a r .,ar .g^ey^M 6 + a t a t g+aiH.VS^e 8 ) 
+ (Agrtjkjh ~ 2/ J W*6 - 2/ 7 ''fc^6)(4 ! «H- + a fc l a L' ) ) • (3 - 38) 

So computing the action (3.33) by adding the terms (3.36) and (3.38), we first show the 9 6 
dependence cancels as follows. The coefficient of a^a _£ i ,e~ 2tR(i "v / 9^ fc » fc j 6 ' 6 i n this sum is: 



-Kg Kr 



— 2A> k ■ 

(3.39) 

where for convenience k % ,k l are defined via the Lorentzian signature metric (3.4), 

V = 9 % + y^WpS, J. = _ 9% + y*vp. (3.40) 
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The term proportional to at at g^^-v/s^M^ 6 has the same coefficient. Since the strong 



ki — ki 

transverse condition is not available k l a^ v k l at, ^ (3.32), we demonstrate the time- 



independence of the Euclidean action as follows: consider the dependence of 

n 



+ k i k i ' (a^.al + at ar.)). 

\ si jiji ^.j' ki) I 

(3.41) 

This is the same time dependence as remains in (3.39). So we can replace (3.39) as 
2 ]T (F?(a^a_^ / - 2 *^Vflt ) a t _ i: .; 2 *^ 6 )) 



ki —ki' 

l4( 



= ~S 4^ 2dl MO)^M0) + 2 £ W'(a^4, + 4,a£j. (3.42) 

fc^o 

Since d l Ai{0) is a gauge constraint and commutes with everything, we can set the integral 
term to zero, and then add to the time-independent portion of (3.33) this factor: 



Y 6 6 6 

See (3.45). From (3.36) and (3.38) the time-independent coefficient of (ar.at., +a\a?.,) is 

^ k % k i ^ 

4g u ' g jj ' kjkf + ■^g i ' j 'Yk jl R 6 J g vk i k j + -^g ij ' ^' k f R 6 J g^kikj 



2 ti , 



+ 1^2 9" VV fcjfy - 2<fV 3 k 3 k 3 , . (3.44) 



Then adding (3.43) to (3.44), and restoring the prefactors of the action, we have from (3.33) 
and (2.9) that the exponent of the oscillator trace for the partition function (1.1) is 



£ (W + (/>'' - ^V%fc,,) (a^L + a\ rki ). (3.45) 



j5d, Maxwell 

fc^O 



Restoring the prefactors to 11* from (B.5), and to the commutator in (3.24), we have that 
(3.30) is rescaled to the dimensionless commutator 
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r t ] = ( Rl ) R 6 1 (On 9ij ' ^ ki ' kj 9jj ' G% L ki ' ki ) X 

[ kVk'ji ^R 6y /g ) 4R 6 y/^k^(2ir)^ 913 G k L k 'k k k k , Gf'k k k v ' U ' 

/ R\ \ 1 1 / ,/, ,/, 2kikjj l ki^ c , . 

From the right side of (3.46) it can shown by explicit calculation that 




(3.47) 



Since (3.47) is independent of Rq, this expression is valid also for the Euclidean signature 
metric. The prefactors in the action (3.45) are those appropriate for the Euclidean signature 
metric, so 



WJ^l £ + (5V y _ ^y*^, v ) (2a t i% + [asv a t 

£ + ( 5 V - 9 -'^')k v k f ) 2a\ rkj 



j5d, Maxwell 

k^O 



(3.48) 

From (3.46) we can express the commutator in terms of the polarization vectors 

4; = «#] = JT.lt 6^ 5 Vkl . (3.49) 

where we choose the normalization 



a 



fc' k 



From (3.49) we have 



R 6 ^gUR 6V ^Ik~k~ (2tt)^ 13 Gf'k k k k , Gf'k k k k , 



i Rl \ 1 1 / . Ikikj^ki. 

'^ W&t, 1 " * " 7?M^ ' (3 ' 51> 
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Then the first term in (3.48) becomes 

^5 



Ri 

fc^O 



= 2vr ^ ReJgVkikj 5 kX a K J = 2vr £ B^J^kikj a£ ag, (3.52) 

where we used (3.47) and have assumed that 

+ W' - s'V)****) 2/f //* (3.53) 
is proportional to <5 K \ Then we can rewrite action (3.48) as 



_j5d,Maxwell = ^ (-iR 6 ^ g^ kikj) a% - iir £ {-iR &s J gV hkj) 5™ . 

1<«<3 l<re<3 

(3.54) 

4 Comparison of Oscillator Traces and 

In order to compare the partition functions of the two theories, we first review the calculation 
for the 6d chiral field from [3] setting the angles between the circle and five-torus a, (3 l = 0. 
The oscillator trace is evaluated by rewriting (1.2) as 

,V /*27r ■ />2tt 



-2irR G n + ito^Pi = — I d b 9H lrs e lrsmn H 6mn = - \ d a 9V-GH bmn H 6m 

»27T 
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-m [ n d 5 9(U mn H 6mn + H 6mn U mn ) (4.1) 
J o 



where the definitions H 6mn = & J_ G e mnlrs Hi rs and H§ mn = 6v /_g G w £mnir S H lrs follow from 
the self-dual equation of motion (2.1). Ii mn {9, 9 6 ), the field conjugate to B mn (9, 6> 6 ) is defined 
from the Lagrangian for a general (non-self-dual) two-form Iq = J d 6 9(—^p-)HLMNH LMN , 
so n mn = ^QgJ^ — = — H 6mn . The commutation relations of the two- form and its conju- 
gate field U mn (9,6 6 ) are 

[W s (0,9 6 ),B mn (9',0 e )} = - iS 5 (9- 9>W m 5 s n - S r J s J, 
[U rs (9,0 6 ),U mn (9',9 6 )] =[B rs (9,9 6 ),B mn (9',9 6 )}=0. 

From the Bianchi identity O^Hmnp] = an d the fact that (2.1) implies 8 l Hlmn = 0, 
then a solution to (2.1) is given by a solution to the homogeneous equations d L dLBMN = 0, 
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9 L Bln = . These have a plane wave solution 

B M N0, 6 ) = fMN(p)e tp - + (fMN(p)e ip - e )*; G ln PlPn = ; p L f LN = 0; (4.2) 
and quantum tensor field expansion 

iWM 6 ) = zero modes + E (fmn^ 6 + f%$e^- e ) (4.3) 

for the three physical polarizations of the 6d chiral two- form [3], 1 < K < 3. Because 
oscillators with different polarizations commute, each polarization can be treated separately 
and the result then cubed. Without the zero mode term, 

B mn {l 6 e ) = ^Prnn &* + b\ mn e~^- e ) , (4.4) 

for bjj mn = fmnbp f° r example, with a similar expansion for IT nn (9, # 6 ) in terms of cjl mn ^. 
From (4.2) the momentum p$ is 



P6 = -l l Pi ~ iRe\jg ij PiPj + ||- ( 4 -5) 

For the gauge choice B§ n = 0, the exponent (4.1) becomes 

- ivr(27r) 5 ^ ipe(C| mnt B$ mn + B^Ct" 1 ^ ) 

= -2i 7 r^p 6 C|t^/ Kmn (p)/L(p) " "E^r n (p)C(p) 

= ^nr^C^ - ittJ2p^ kk , (4.6) 

with Bfi mn = bp mn + 6^ mn , C| mnt = c^™ n + c| mnt . The polarization tensors have been 
restored where 1 < k, A < 3 and the oscillators B^C^ satisfy the commutation relation 

[B^Cf\ = S^S^. (4.7) 
So restricting the manifold to a circle times a five-torus in [3] we have 
- 271-^6% + ilir^Pi 



pezvo V K ^ p - e ^ V K i 

The oscillator trace (1.2) is 
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Z 6d =tre -tH+i27V^Pi =tre ^P*° Fb v p 6Zj "F Wj Rl 



7 6d,chiral _ 7 6d I ' b ^^z^y '^1^ yr 
A — ^zero modes ' \ e V H 



1-e V "i 

(4.9) 

Regularizing the vacuum energy as in [3], the chiral field partition function (1.2) becomes 

7 %d,chiral _ y6d .( P R67T (s^nJ+flft™ 1 ) 2 ) 3 TT \ 

zero modes ' I e / ; — 

neZ^O x _ -2,R^ 9 ^n l n j + ^ + i2^n l 



(4.10) 



Lastly we compute the 5d Maxwell partition function (1.1) from (3.54), 



y5d,Maxwell _ 7 hd +r ~2i-K T,k^~ iR(i V 9 tj k i k j) a "t a f, Eg j (~ iK6 ^ /ATT'] 

n — ^zero modes ' 01 e ' \^- L1 J 

where k = k{ = rn G Z^ on the torus. Prom the standard Fock space argument 

oo 1 

tr w e p p«k = YiY,( k \° jPatpap \ k ) = XI i — T' 

P fc=0 P 

we perform the trace on the oscillators, 

zli = ( e~ nRe ^ TT — - ) 3 , 

V 11 ^i _ p -i2w(-iRey/g i in i n j )J 



(4.12) 



z 5d,Maxwell = ^ . / g -^ 6 £ aez 4 ^3*^ TT 1 - V (4.13) 



(4.13) is manifestly SL(4,Z) invariant due to the underlying 50(4) invariance we have 
labeled as i = 2, 3, 4, 5. Z^ ro modes given in (2.12) is equivalent to the zero mode sum of the 
six-dimensional chiral theory restricted to T 5 xS' 1 , up to an SX(4, i?)-invariant constant factor 
(1.3), so ^zcro modes nas SL(4,Z) invariance. We use the SL(4,Z) invariant regularization 
of the vacuum energy reviewed in Appendix C to obtain 

(g-K67T Z^n^O ST 1 \ 3 

<*»W,i JJ -1= , (4.14) 

Hez^o 1 e 

where the sum is on the original lattice n = n l G i? 4 7^ 0, and the product is on the dual 
lattice n = nj G i? 4 7^ 0. Of course the product of the zero mode contribution and the 
oscillator contribution in (4.13) has SL(5,Z) invariance by construction from (1.1). 
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The comparison of the 6d chiral theory on S 1 x T 5 and the abelian gauge theory on T 5 shows 
the exponent of the oscillator contribution to the partition function for the 6d theory (4.8), 

- 2irR (i / H + i2iry i P { 




(4.15) 

and for the gauge theory (3.54), 

-I 5d > Ma ™ M = -27T (R^g^hk,) afa>l-TTR 6 ^ ^g^hk.5^, (4.16) 

kez^o kez* 



differ by the sum on the Kaluza-Klein modes p\ of S 1 since for the chiral case p G iJ 5 , 
and for the Maxwell case k G Z 4 . More suprising is the different dependence on 7* ~ G5 6 , 
the angle between the space directions 6 l and the time direction # 6 , although we would not 
expect to see this phase in the Maxwell action because it is real. We note that the modified 
Hamiltonian U for the Maxwell theory discussed in Appendix B supplies a term somewhat 
similar to J* Pi, but using U to compute the partition function instead of H ~ Le does not 
provide a bounded zero mode sum. 

Both theories have three polarizations, 1 < n < 3, and from (4.7) and (3.50) the oscillators 
have the same commutation relations, 

[B$, Cf] = 5 KX Spf, [al <$] = 5 KX 5 Vk> . (4.17) 

If we neglect the phase (—i^Pi), and discard the Kaluza-Klein modes p\ in the usual limit [25] 
as the radius of the circle R\ is very small with respect to the radii and angles gij,R$, of the 
five-torus, then the oscillator products in (4.10) and (4.14) are equivalent. This holds since we 
can separate the product on n = (n±, rij) 7^ into a product on {n\ = 0, all rij 7^ (0, 0, 0, 0)) 
and on (m 7^ 0, all n^), to find 

1 r 1 1 r 1 1 r 



nez'^O 1 _ -toto^ninj+tof ^(0,0,0,0) 1 - e-^V^'"*^ ni ^o"e24 x _ -toRe^mn 

(4.18) 

In the limit of small R\ the last product reduces to unity, thus for S 1 smaller than T 5 

TT * -> TT 1 , (4.19) 

This thus holds for the oscillator contribution to the partition functions (4.9) and (4.13), at 
least up to regularizing the vacuum energy which involves interchanging a sum and a limit; 
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and together with (1.3) in this limit we have 

g6d,chiral ^ ^5d, Maxwell ^ 2Q^ 

5 Discussion and Conclusions 

The Maxwell field theory is quantized on a twisted torus T 5 with the Dirac method of 
constraints, resulting in the commutation relations in (3.30). Although these are complicated, 
they lead to a simple expression for the Euclidean action (3.54). The partition function is 
then found as a product of zero mode and oscillator contributions. Comparing this with the 
partition function of a 6d self-dual three-form field strength [3] restricted here to 5 1 x T 5 
where the radius of the circle is R\ = g\y M , we compute it to be equivalent in the limit 
where K\ is small relative to the five-torus, up to an overall scale relating the zero modes 
(1.3), (2.12) and a phase occurring in the oscillator sums (4.9), (4.13), by removing the 
Kaluza-Klein modes from the 6d partition sum. How to incorporate these modes rigorously 
in a partition function as instantons in the non-abelian version of the 5d Maxwell theory 
with appropriate dynamics remains difficult [28]- [30], suggesting that the 6d finite conformal 
N = (2, 0) theory on a circle is an ultraviolet completion of the 5d maximally supersymmetric 
Maxwell theory rather than an exact quantum equivalence. 

Here we present a comparison of the partition functions of the two theories, for the abelian 
case without supersymmetry, when the five-dimensional manifold is a torus and the angles 
between the five-torus and the circle are zero. 

It would be compelling to find how expressions for the partition function of the 6d N = (2, 0) 
conformal quantum theory computed on various manifolds using localization should reduce to 
the expression in [3] in an appropriate limit, providing a check that localization is equivalent 
to Dirac quantization. 
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A Dirac Method of Quantization with Constraints 

The 5d Maxwell theory on a five-torus a with general flat metric has the Hamiltonian (3.16), 

H p = jd A 9(-^U l IT' + ^-<T' FijF Vj , - Gf d,W A 6 - &[ $IT A, + AiIT 6 ) (A.l) 

with Ai as a Lagrange multiplier. To quantize and derive the commutation relations, we 
start with the equal-time canonical Poisson brackets 

{u^(e,0 6 ),A h (e',0 6 )} = -{A h (6',e e ),u fn (e,e 6 )} = -s\e- o') <f , 
{n™^ 6 ),^^^)} = {Arn&e^^nie^e 6 )} = o. (a.2) 

The constraints are required to be time-independent, so from (3.11) for <p 1 (9) = II 6 (#,# 6 ), 

-d^\e,e Q ) = {^(m 6 ),^} = -Gf j dV{n 6 (#), A 6 (e')} d$r{#) = Gfdji^e) » o. 

(A.3) 

Thus the secondary constraint is 

cj) 2 (8) = d i n i ( y 8,8 6 )^0. (A.4) 
The secondary constraint is time-independent from two contributions: 

- a 6 </> 2 (M 6 ) = {0 2 (M 6 ),tf«} = -^g u ' g "' J d A e'{d k -u k {e),F l 0)F l , r (e 1 )} = o, 

- 8^(8, 6 ) = {^(9, 9 e ), H®} = -G% J d 4 e'{d k U k (6), 8^(9')^ (6')} = G^d 3 d^(9) « 0. 

(A.5) 

The two constraints (j) 1 , 4> 2 are first class constraints since they have vanishing Poisson 
bracket, 

{U 6 (8),d i U i (9')} = 0. (A.6) 

We introduce the gauge conditions 

X \9) = A 6 (9) ~ 0, X 2 (0) = d'AiiO) = GfldjAi - \V fl , r < + GfdiA 6 « 0. (A.7) 

These convert all four constraints to second class, i.e. all now have at least one non- vanishing 
Poisson bracket with each other, where the non-vanishing brackets are 
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{<j> 1 (e), x 1 (0')} = {Il 6 (9),A 6 (9 1 )} 



e') = -{A 6 (6),n b (e')}, 



o 



{££0^(0), 1^(0')}, 



{^(e), x \e')} = {u 6 (9),Gfd l A 6 (9')} = Gf w 5\e - e' 

me), x 2 {e>)} = {d i Ii i (9),&i' djiAj(6')} = &[^-^-5\9 - 6') = -{&*' d r Aj{9), 8^(9')}. 

(A.8) 

f) = 



We can write these as a matrix for the four constraints (f> A 
{<j> A (9), 4> B (9% 



, X a ) as C 



ABi 



C AB = 
The inverse matrix is 

/o 





(C 



AB 



-1 







/ o 



1 

, r<ifi d 








r~ii6 d 

1 









-i /~<i6 d \ 

n fiij d d 
u L dd l <96»J 



PHj _d_ _d_ n 



(A.9) 



G 



fcp s a 



/=ii6 9 

es^ ae fc/ 






L Iw^ ae k ' 






?'). 



(A.10) 



The Dirac bracket is defined to vanish with any constraint, 



{Arn(9),U h (9')} D = {Arn(9),U n (9')} - / ^VV ({Arh(9), U G (p)}C^{A 6 (p% n n (9')} 

+ {Arn,(9), dA-l\p)}C^{A,{p\ ^(9')} 
+ {Ar h ,(9),d l U\p)}C^{d^A j (p'),U h (9')} 
+ {A rh ,(9),A 6 (p)}C^ l {U (i (p'),^(9')} 

+ {A^9),A e (p)}C^{d i ^ i (P%^')} 
+ {Ar h (9)^A j (p)}C^ 1 {d l U i (p , ),U h (9')}.) 



(A.ll) 
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So 

{^(0),IF(0')}d = {Ai(e)y(9')} - I d 4 pd 4 P '[{A t (6),d k U k (p)} {d k 'A k ,{p'),rf{e')}) 

= ( 5 i- d L(d i -^—-d f )6 4 (e-e'), 

Gf d k d k , ' 



(A.12) 



where here all dj are with respect to O 3 . So promoting the Dirac Poisson bracket to a quantum 
commutator, we derive the equal time commutation relations 

[Wie^Me'^)] = -i(s{ - &l\d 1 a f )) 5\e - e>), (a.is) 

and similarly, 

\Ai{Q,B % ),A0 \e 6 )} = o, [n l (M 6 ),n J '(0',# 6 )] = o. (A.14) 

B Modified Hamiltonian and Equations of Motion 

We need to check that the Hamiltonian gives the correct equations of motion for Aq = 
which are derived from L given in (3.8): 

9 Frhh — 9 djnAfi dnd Afn 

GpidjAk + 2Gfd t d & A k + Gfd e d 6 A k - d k G L djA t - d k Gfd 6 Ai = 0, for n = k 

(B.l) 

Gfd % d % A k + Gfd v d Q A k = 0, for n = 6 

(B.2) 

Following Dirac [26], the procedure to get the relevant Hamiltonian He for checking the 
equations of motion is to set n 6 = in (3.15) and add on the first-class secondary constraint 
(j) 2 = dill 1 with an arbitrary coefficient u{9). Doing this we do not get the 7* terms in the 
equations of motion (B.l). In order to correct for this and find the equations of motion, we 
must add G^^/ 3 FijH 1 to our original Lorentzian Hamilton (3.9). So we will use 

h e = J d 4 e( - ^ n l ir' + 9Z g a' g n' FijFilf _ Gf^nU 6 - &i dtir a, + G|V'i^n l + v®F) 

= J d^i-^WW' + ^g ii 'g 33 'F lJ F i , r -GT 1 3 d j A l tt l + ud i n i ), 

(B.3) 

where we integrated by parts and absorbed —G^Aq — 2G& Aj by shifting the arbitrary 
coefficient u. Then the Hamilton equations of motion are 
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-d 6 U k (9) = {U k (9), H E } = GlVV " g ir 9 kl ')d l d,A r {e) - Gf^djll k (9), 
-d 6 A k (6) = {A k (9), H E } = -g ki U l (9) - d k u(9) - Gf^d,A k {9), (B.4) 

where regular Poisson brackets are used to compute the time evolution as in (A. 5). At this 
point it is necessary to reinsert the dimensionful parameters, which will make H E and II 
dimensionless along with A k , and use a 'primed' Poisson bracket defined by variation with 
respect to the dimensionless fields, 

H E = -^-H' E , U k (9) = -^-U' k (9), (B.5) 



-d 6 W k (9) = {U' k (9),H' E }' = -Ml(g^g^' -g^g^) didifAj ,(9)+^d j IL' k (e), (B.6) 

-d 6 A k (9) = {A k (9),H' E }' = -Me gki n'\9) - d k u(9) + ^d J A k (9). (B.7) 

Faraday's Law 
Using (B.7), we have 

-d e d 6 A k = - Rl ^. 6 g kk 'daU' k - d 6 d k u + j 3 d 6 djA k 
y/9 

= -Rlg^'dA'Ak + RlgV'did k A r + ^^g kkn 3 A n '*' " d ^ + ^d 6 d 3 A k . 

(B.8) 

Reexpressing the conjugate momentum H' k (9) in the terms of the velocites via (3.10), 



U ' k = Tr4r^ (d 6 A l + jidjAi - jidiAj) , (B.9) 
we find the equations of motion computed from (B.8) to be 

= d 6 d 6 A k - Rl^'didi'Ak + RlgV'dAAj, + ?^ gkkll id^ k ' - 8 6 d k u + ^d 6 djA k 

= d 6 d 6 A k - R\g ti did v A k + Rlg^did k A f + 2 7 ^d 6 A & + -'-■>' D^yA,, - Oyi^Aj - d 6 d k u 

(B.10) 

which can be rewritten as 

Gfd 6 d 6 A k + G i [d i d v A k - &[d t d k A r + 2Gfdjd 6 A k + d 6 d k u = 0, (B.ll) 
where u has been rescaled and is arbitrary, and allows for a general gauge choice in this 
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equation. By choosing 



S=-Gi% = ^ (B.12) 



we see that (B.ll) gives the equations of motion (B.l) which are in A§ = gauge. 
Gauss' Law 

Checking the second equation of motion, we have from (B.10) 

= -^d 6 d 6 A k + 1 k g iV 8 i 8 v A k - ^gV'didkAj, - -^ 7 y c^fc + id 6 d k u 

= -^8 6 d 6 A k + d l9 11 ' {j k d t ,A k - ^8^, - 8 6 A t ,) + 8^8^ - ^V'a^fc + 

K 6 K 6 K 6 



1 k 

Gf8 6 d G A k + GfdideAi, - ^yya^Afc + ^d 6 d k t 

(B.13) 



,-kU 

K 6 K 6 



where we used the constraint dill 1 = and (B.9). Again choosing the gauge function u as 
in (B.12), we find that (B.13) reduces to the equations of motion (B.2) which are in Aq = 
gauge. 



Dirac method of quantization with constraints using the modified Hamiltonian 

We will now repeat our Dirac quantization using the modified Lorentzian Hamiltonian 

U = H + j j Pj = U l d 6 Ai - GfL + Gf^FijlP 

= IT GfFti + WG^djA + IT <5| 6 cU 6 - Gf L + <5|V i^rf 

= Gf(-L E ) - Gf^fyAiW + Gf(2 1 m i 8 i A j + U%A 6 ) (B.14) 

instead of (3.9). Here 

T*Pj = Gf^FijIT (B.15) 

and U is independent of time since 

{fd A G|V'i^(0)ir(0), H p } = 0. (B.16) 



Then instead of (3.16), we have the modified primary Hamiltonian 




(B.17) 
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The first constraint (j) 1 (9) = II 6 (#,# 6 ) is required to be independent of time: 

-de^M 6 ) = {<f>\l^),U v } = -Gf J d 4 9'{U 6 (9),A 6 (9')} d$T(#) = Gfd i U i (9) « 0. 

(B.18) 

The secondary constraint is 

4> 2 (0) = diU\9,9 d ) ss 0. (B.19) 
Its time derivative has three contributions 

- d^\9, 9 6 ) = {^(9, 9 e ), C/W} = -^W" J d A 9'{d k U k (9), F^F^ie')} 

= -^G/'V -^V) / dV{5 fc n fe (0),^(^)^A,v(0O} = Gl 6 (/V y -j i 'g ii ')d i d i d i ,A i ,(p) = 0. 

- d 6 </> 2 (M 6 ) = {<A 2 (M 6 ),^ 2) } = -2Gjf / ^'{^n*^, = 2G^IT(0) « 0. 

- d Q( j>\le & ) = {<f> 2 (e,e%u®} = -cf^J d 4 e , {d k n k (9),d j A i (9')u i (e')} = 8^8^(9) « o. 

(B.20) 

Thus the constraints are the same as for the original Hamiltonian (A.l), and hence the equal 
time commutators (A. 13) and (A. 14) are unchanged. 

C Regularization of the Vacuum Energy for 5d Maxwell Theory 

The Fourier transform of powers of a radial function is 

\pT~ n = J^J d n vVG- n er^, where c a = ^g^- (C.1) 

This formula holds by analytic continuation, since for general n,a, where the area of the 
unit sphere S n -2 is 

u n -2 = =^3TT = / Mid02 ■ ■ ■ d0 n -3 sin 9 X sin 2 9 2 . . . sin"" 3 9 n . 3 / #, (C.2) 

1 I "2" J JO JO 

the Fourier integral is 
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[ d n y ^/G~ n e-W-^r- = r dyy n ~ l ~ a f d6 sin™- 2 6 e'^™ 1 

J \y\ a Jo Jo 



W n -2 



dyy n ~ l ~ a r^fe 
(\p\y) 2 



2 



22-«r(^) 
T(f) 



|pT" n (2tt) 2 (C3) 



where the last expression is valid for the integral when — ^ < § — a < |, but can be 
analytically continued for all a ^ — n, —n — 1, . . . 

So expressing |p| in terms of its 4d Fourier transform, 



2 ^— ' 1 1 1 2 

PGZ 4 fcg 2 4 



we have 



e ip-(x-y) 



pG-Z 4 p 

where the regularization consists of removing the n = term from the equality, 

= (2vr) 4 E 5 \ S + 2 ™) ( C - 6 ) 

pez 4 nez 4 

and the sum on n is on the original lattice n = n % 6 i? 4 . The regularized vacuum energy is 
For a G?-dimensional lattice sum, the general formula used in [3] is 



r(-i) 7 yv \y 



d+1 ' 



<H> = W\p\ e*% =0 = \ E 



Pal 

v 2 7 nSZ d ^0 
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